In this paper, the theoretical flow ripple of an external gear pump is studied for pumps of similar size using different numbers of teeth on the driving and driven gears. In this work, the flow ripple equation is derived based upon the flow of incompressible
Introduction
Background. Hydraulic pumps are the power-supplying components within hydraulic circuitry. All pumps used in hydrostatic pressure systems are of the positive displacement type. Nonpositive displacement pumps, usually characterized by the features of low pressure and high flow rate, are incapable of producing sufficient power required by the hydrostatic power systems. Among the positive displacement pumps, fixed displacement gear pumps are often used in circuit applications where customers are sensitive to the initial purchase cost of the system and where the overall operating efficiency does not need to be extremely high. Also, gear pumps can be operated at high speeds and can be used in applications where the operating pressures are low to moderate. Gear pumps use a very simple mechanism to generate flow, and therefore have a minimum number of parts associated with the design. The simplicity of the gear pump design translates into higher reliability as compared to other positive displacement pumps that use a more complex design.
Though gear pumps enjoy a high level of reliability and offer a low purchase cost to the end customer, they are often accompanied with performance characteristics that tend to create higher noise levels than other types of positive displacement pumps. These noise levels are associated with the substantial flow ripple of the pump, which induces a pressure ripple and oscillating forces within the system. Since the flow ripple is considered to be the first cause of these oscillating forces, it is assumed that a smoother flow delivery of the pump will also attenuate the noise that is generated. This paper is focused on considering the characteristics of the flow ripple from an ideal, or theoretical, point of view.
Literature Review. Gear pumps are among the oldest and most commonly used pumps within the industry. Though the gear pump is extremely simple in its operating principle, the fundamental understanding of the instantaneous pump flow has been a subject of considerable interest for many years. The complexity of this subject arises due to the nature of the geometry involved, which has typically required numerical analysis to solve the governing equations. Much of the recent research that is most germane to gear pump technology is briefly summarized in the following paragraph.
Research pertaining to the average flow rate of the gear pump has been conducted by Frith and Scott ͓1͔. In their work, the authors have related the degradation of the average flow rate to the online generation of wear debris. In other research, authors have emphasized a prediction in the fluid film thickness between the gear end-face and the end wear-plate ͓2-4͔. In this work, the authors were primarily concerned with volumetric leakage and pump efficiency. For predicting the cyclic moments and forces on the pump shaft, Foster, Taylor, and Bidhendi ͓5͔ conducted an in-depth analysis of the gear pump using a computer program for generating solutions. This work considered the trapped volume of fluid between meshing teeth and the results were shown to compare nicely with actual test data. Still, others have focused on various tooth geometries in an effort to reduce and/or compare the discharge flow amplitude of the pump ͓6,7͔.
Though all of this work has been valuable in and of itself, none of this work has considered a comparison of same-size external gear pumps, which use different numbers of teeth for the driving and driven gears. The question related to tooth number is significant since other positive-displacement pump types tend to exhibit different flow characteristics depending upon the number of discrete pumping elements that are used. For instance, axial piston pumps have been shown to exhibit significantly different pulse shapes for pumps that use an even versus an odd number of pistons ͓8͔. This present study is aimed at documenting the theoretical effects of altering the tooth number on the gears that are used within external gear pump designs.
Research Objectives. The primary objective of this research is to study the flow ripple of an external gear pump as it varies using different combinations of teeth for the driving and driven gear. By conducting this study, it is expected that generalized conclusions will be made regarding the impact of using different numbers of gear teeth within pumps of similar size. As noted in the literature review, a study of this type has not yet been published.
This research begins by nondimensionalizing the variables that will be used in the analysis. The motivation for conducting non-dimensional analysis is to make the results applicable for pumps of any size. This means that the final results can be simply scaled for a specific design situation. The second task of this research is to derive the governing equations for the flow ripple of the pump. This is done using a control volume approach and it is shown that the flow ripple equation is dependent upon the instantaneous length of action for the two teeth that instantaneously define the discharge chamber of the pump. Recognizing this, the third task of this research is to find a solution for the instantaneous length of action for the two contacting teeth. Both numerical and closedform approximations for this parameter are sought. Finally, 16 different pumps are designed with the same average volumetric displacement but with different numbers of teeth on both the driving and the driven gears. The flow ripple characteristics of these pumps are systematically compared using fast Fourier transform ͑FFT͒ methods and generalized conclusions are drawn from these results. Figure 1 shows a cross-sectional view taken through the gears of a typical gear pump. Note: like most actual gear pump designs, this pump is shown with two identical gears that are used for displacing fluid. In the analysis that follows, the numbers of teeth on each gear will be allowed to vary and therefore, in general, the two gears will not be identical. The number of teeth on gear 1 is given by N 1 and the number of teeth on gear 2 is given by N 2 . In any case, the addendum radius of each gear will be identified by the dimension r a 1,2 , the pitch radius is given by r p 1,2 , and the center distance between shafts is given by the dimension C. Note: the subscripts 1 and 2 denote the driving and driven gear respectively. The thickness of the gears into the paper is given by the dimension w ͑not shown in Fig. 1͒ . The gears are contained in a close-tolerance housing that separates the discharge port from the intake port. An external shaft is connected to gear 1 while the other gear is supported by an internal shaft and bearing. Note: the shafts connected to the gears are not shown in Fig. 1 as they would protrude out of the paper. The driving gear and shaft rotate at an angular velocity 1 . The driven gear rotates in the opposite direction at an angular velocity 2 .
Pump Description
When considering the operation of a gear pump, it is a common mistake to assume that the fluid flow occurs through the center of the pump ͑i.e., through the meshed gear geometry͒. This is not what happens. To produce flow with a gear pump, fluid is carried around the outside of each gear ͑within each tooth gap͒ from the intake side of the pump to the discharge side of the pump. As the gear teeth mesh within the gearset, fluid is squeezed out of each tooth gap by a mating tooth and is thereby displaced into the discharge line of the pump. On the intake side, the gear teeth are coming out of the mesh. In this condition, fluid backfills for the volume of the mating teeth that are now evacuating each tooth space. This backfilling draws fluid into the pump through the intake port of the pump housing. This process repeats itself for each revolution of the pump and thereby displaces fluid at a rate proportional to the pump speed.
Dimensionless Variables
Before conducting this research, it is important to nondimensionalize the variables that will be used. Not only does this simplify the development of equations by eliminating various scale factors within each equation, but it also makes the results most general and useful to the end user of this research. By developing nondimensional equations, the results are applicable to gear pumps of any physical size. The final results may be simply scaled according to the rules that were used to nondimensionalize the specific quantity of interest. The dimensionless variables that will be used in this work are generally given as follows:
where all symbols are defined in the Nomenclature section of this paper. Note: all dimensionless quantities throughout this paper will be identified by carets over the top. All length dimensions have been nondimensionalized using the radius of the base circle for the driving gear, r b 1 .
Pump Flow Analysis
In the following analysis, the ideal pump will be considered by assuming the following things: ͑1͒ the fluid is incompressible, ͑2͒ fluid leakage is neglected, and ͑3͒ the pump parts are rigid and inflexible. Figure 2 shows a crosshatched area that defines the discharge chamber of the gear pump. At a particular instant in time, the boundaries of this chamber define the control volume of interest. Since the fluid is incompressible, the total volume entering the discharge chamber must equal the total volume leaving the discharge chamber. Figure 2 shows infinitesimally small volumes that are crossing the boundaries of the control volume at a particular instant in time. Note: the material within these volumes is irrelevant since everything is considered to be incompressible, however, the infinitesimally small volumes generally consist of both gear pump material ͑e.g., steel͒ and fluid. In Fig. 2 , the input volume from the driving gear ͑i.e., gear 1͒ is given by dV i 1 , however, a certain amount of gear volume is also leaving the control volume. This exiting volume from gear 1 is given by dV o 1 . Similarly, the input and exiting volumes from gear 2 are given by dV i 2 and dV o 2 , respectively. Setting the input volumes equal to the output volumes yields the dimensionless governing equation for this problem:
From geometry it can be shown that dimensionless expressions for the entering and exiting volumes are given by
where r a 1,2 is the addendum radius, 1,2 is the contact radius between the two sealing teeth in the mesh, and 1,2 is the angle of rotation. Note: in Eq. ͑3͒, the subscripts, 1 and 2, denote the driving gear and driven gear, respectively. From the fundamental law of gearing, we know that
where r p 1,2 is the pitch radius. Substituting Eqs. ͑3͒ and ͑4͒ into Eq. ͑2͒, and dividing the result by an infinitesimal amount of time dt, yields the following dimensionless result for the theoretical flow rate of the gear pump:
As shown in Eq. ͑5͒, the instantaneous radii of tooth contact, 1 and 2 , must be determined to evaluate the theoretical discharge flow of the pump. Using the law of cosines, and the geometry of Fig. 4 ͑to be discussed later͒, it can be shown that the instantaneous radii of tooth contact between the two meshing gears is given by
where ␣ is the pressure angle and l is the instantaneous length of action shown in Fig. 4 . Substituting Eq. ͑6͒ into Eq. ͑5͒ yields the following result for the instantaneous flow rate of the pump:
Results very similar to this have also been reported in previous literature ͓5,9͔. Using this equation, the instantaneous flow rate of the pump may be determined once the instantaneous length of action, l, is known. The length of action can be determined from the mesh geometry of the gear.
Mesh Geometry
Coordinate Systems. Figures 3 and 4 show schematics of the gear mesh that occurs between two teeth that instantaneously define the control volume of the discharge chamber. Figure 3 shows the first point of tooth contact between the teeth while Fig. 4 shows an intermediate point of tooth contact. In these schematics, two Cartesian coordinate systems are shown: ͑1͒ there is a fixed Cartesian coordinate system denoted by the large X-Y coordinates, and ͑2͒ there is a rotating Cartesian coordinate system denoted by the small x-y coordinates. The fixed X-Y coordinate system is oriented by the fixed angular dimension ͑which will be determined later͒. The x axis of the small rotating x-y coordinate system is attached to the centerline of the gear tooth on gear 1 and moves with this gear tooth as it rotates with the angular dimension 1 . By definition, 1 ϭ0 when the large X-Y and the small x-y coordinate systems are coincident and when the meshing teeth first make contact.
Instantaneous Point of Tooth Contact. The instantaneous point of tooth contact must always lie somewhere on the line of action and is located with respect to the rotating x-y coordinate system by the polar coordinates 1 and ␤ 1 . From Fig. 4 , it may be shown that the equation for the line of action with respect to the rotating x-y coordinate system is
where it has been recognized from gear geometry that r b 1 ϭr p 1 cos(␣). At the point of tooth contact, it is clear from Fig. 4 that xϭ 1 cos(␤ 1 ) and yϭϪ 1 sin(␤ 1 ). Substituting these expressions into Eq. ͑8͒ yields the following equation which describes the point of tooth contact in terms of 1 and ␤ 1 : Transactions of the ASME From the geometry of the involute tooth profile ͑see the Appendix͒ it may be shown that
where 1 ϭ/(2 N 1 ) and N 1 is the number of teeth on gear 1. Equations ͑9͒ and ͑10͒ must be solved numerically for a given rotational position 1 . The numerical solution may then be used to describe the instantaneous point of tooth contact using the polar coordinates 1 and ␤ 1 .
Starting Mesh Position. Figure 3 shows the starting position within the mesh when the gear teeth first make contact. This orientation of the gear mesh is a special case of the preceding analysis where the angular rotation of the driving gear is given by 1 ϭ0. In this position, the two Cartesian coordinate systems ͑i.e., the large X-Y and small x-y coordinate systems͒ are coincident. The point of first contact between the gear teeth occurs when the tip of the driven gear ͑gear 2͒ first touches the surface profile of the driving gear ͑gear 1͒. In this position, it may be shown from geometry that
where the starting length of action is given by l s ϭͱr a 2 2 Ϫr p 2 2 cos 2 ͑ ␣͒Ϫr p 2 sin͑␣ ͒.
Also, from the general form of Eq. ͑10͒, it may be shown that
In Eqs. ͑11͒-͑13͒, the subscript s is used to denote that these dimensions are given for the starting position only. From the geometry of Fig. 3 , the angular dimension , which orients the fixed X-Y coordinate system, may be determined as
where 1 s , l s , and ␤ 1 s are given in Eqs. ͑11͒-͑13͒, respectively.
Instantaneous Length of Action
Numerical Solutions. To determine the instantaneous pump flow, Eq. ͑7͒ must be used with the appropriate result for the instantaneous length of action, l. From the geometry of right triangles, and using Fig. 4 , it can be shown that the instantaneous length of action is given by
where 1 and ␤ 1 are given in Eqs. ͑9͒ and ͑10͒. The nonlinear relationship between 1 and ␤ 1 ͑see Eqs. ͑9͒ and ͑10͒͒ requires a numerical solution for determining the instantaneous length of action according to Eq. ͑15͒. The numerical solution to these equations will yield the most accurate results possible; however, a closed-form approximation to these solutions would be more convenient to use.
Closed-Form Approximation. For generating a closed form solution for the instantaneous pump flow, a Taylor series expansion of Eq. ͑15͒ may be taken for small values of 1 . This result is given by
where l s is given in Eq. ͑12͒, 1 s is given in Eq. ͑11͒, ␤ 1 s is given in Eq. ͑13͒, and is given in Eq. ͑14͒. As it turns out, an even better approximation can be consistently made by assuming that 1 s cos(Ϫ␤ 1 s )sec(␣)ϭ1. Using this assumption, Eq. ͑16͒ may be written as
where, again, l s is given in Eq. ͑12͒. By subtracting Eq. ͑17͒ from the numerical solution of Eq. ͑15͒, an error associated with the approximation of Eq. ͑17͒ may be written as
This error is zero for 1 ϭ0 but increases slightly as 1 gets larger. Numerical studies of this error have shown it to be negligible for the pump designs examined in this research.
Pump Flow Characteristics
The general form of Eq. ͑7͒ will be used to describe the flow characteristics of the pump. From Eq. ͑7͒, it can be shown that the maximum flow output of the pump will occur when l 2 is a minimum. For the case of each pump analyzed in this study, min(l 2 ) ϭ0. Therefore,
Similarly, the minimum flow output of the pump will occur when l 2 is a maximum. Since max(l 2 )ϭl s 2 , the minimum pump flow rate is given by 
The amplitude of the flow pulse is then given by
The average flow rate for one flow pulsation is given by
where l s is the length of action when the mating teeth just touch, and l f is the length of action that occurs just prior to another set of teeth making contact within the mesh ͑i.e., when 1 ϭ2/N 1 ). Both of these dimensions are shown in Fig. 3 . Note: the dimension l f can be ͑and usually is͒ negative. In Eq. ͑22͒, the term denoted by the symbol k is given explicitly by
(23)
Pump Design
In this study, pumps with different numbers of gear teeth are designed for the purposes of comparing flow ripple characteristics. To make an apple-to-apple comparison between pumps, the average flow rate of each pump is maintained as a prescribed constant in the design process. In other words, Eq. ͑22͒ is held constant for all pump designs. In this equation, the starting and final length of action (l s and l f ) is needed to make this computation. The starting length of action is explicitly given in Eq. ͑12͒. The final length of action may be determined from the general form of Eq. ͑15͒ as
where
and is given in Eq. ͑14͒. The pitch radius of each gear is determined from the following geometry requirements:
where N 1 is the number of teeth on the driving gear and N 2 is the number of teeth on the driven gear. The addendum radius of each gear is designed according the American Gear Manufacturing Association ͑AGMA͒ recommended standards ͓10͔. These recommendations are given by
By selecting the number of teeth on each gear (N 1 and N 2 ), specifying the average flow rate of the pump ͑Eq. ͑22͒͒, and enforcing the constraints of Eqs. ͑24͒-͑27͒, the pressure angle ␣ may be solved for numerically. This method has been used to generate the designs that are shown in Table 1 . Figure 5 shows the boldface-row designs given in Table 1 . It is interesting to observe that as the number of teeth on the driving gear increases, the teeth become more pointed and sharp at the tip. Furthermore, it is also significant to observe that as the number of teeth on the driven gear decreases, the physical pump size gets smaller while maintaining the same volumetric displacement per revolution.
Results
Center Distance and Physical Pump Size. As shown in Fig.  1 , the center distance is the distance between the shaft centerlines of the gears. From geometry, this distance is given by
where r p 1 and r p 2 are the pitch radii of the driving and driven gear, respectively. The center distance can be used to gauge the physical size of the pump. Generally speaking, if the center distance is large, the pump will be large. If the center distance is small, the pump will be small. While designing the pumps for this research, it was observed that the center distance increases strongly as the number of teeth on the driven gear increases and decreases weakly as the number of teeth on the driving gear increases. This result says that physically smaller pumps ͑of the same displacement per revolution͒ may be designed if the number of teeth on the driven gear is decreased while the number of teeth on the driving gear is increased. A qualitative assessment of Fig. 5 shows that this is indeed the case. Figure 6 shows a plot of the center distance as it varies with tooth number on both the driving and driven gears. Note: Figure 6 plots the center distance in dimensionless form. To dimensionalize this quantity, it must be multiplied by the radius of the base circle on the driving gear, r b 1 . Instantaneous Flow Ripple. The instantaneous flow ripple of the pump is given by the solution to Eq. ͑7͒. This solution may be determined by solving for the length of action numerically, as in Eq. ͑15͒, or it may be determined using the closed-form approximations for the length of action, as presented in Eq. ͑17͒. Figure 7 shows a plot of the flow ripple calculation for the pumps that are shown in Fig. 5 . From this figure, it can be seen that the amplitude of the flow ripple decreases significantly as the number of teeth on the driving gear increases. Note: these results are numerical results; however, the approximate closed-form results yield extremely close solutions as well.
Flow Pulse Amplitude. The amplitude of the flow pulse is given by Eq. ͑21͒. Figure 8 shows a graph of the flow pulse amplitude as it varies with the numbers of teeth on both the driving and driven gears ͑i.e., gear 1 and gear 2, respectively͒. Note: this figure shows a strong dependence on the number of teeth on the driving gear. The flatness of the curves tends to show a weak dependence on the number of teeth on the driven gear.
FFT Results. The fast Fourier transform ͑FFT͒ is used to identify the amplitudes and frequencies of the harmonic signals that may be added together to create the flow pulse results that are typically shown in Fig. 7 . FFT analysis was conducted on the flow pulse signal that was generated for each pump design in this study. Note: the numerical results were used to conduct this analysis as opposed to the closed-form approximation. Figure 9 shows a comparison of these results for gear sets with equal numbers of teeth on each gear. Figures 10-13 show a comparison of FFT results for gears with differing numbers of teeth on each gear. The frequency scale of these plots is normalized by the tooth pass frequency of the driving gear. This normalizing frequency is given by
where N 1 is the number of teeth on the driving gear and 1 is the angular velocity of the driving gear. In Figs. 9-13, tooth numbers are the gears are designated by N 1 , N 2 . For example, tooth numbers designated by 15, 14 indicate that there are 15 teeth on the driving gear and 14 teeth on the driven gear. This convention is used throughout this paper.
Discussion
As shown in Fig. 6 , the center distance between the gear shafts decreases dramatically as the number of teeth on the driven gear goes down. Indeed, Fig. 5 bears this quality as well. From Fig. 6 , it may also be observed that a slight decrease in the center distance may be achieved if the number of teeth on the driving gear goes up. This trend suggests that a smaller pump ͑with the same average flow rate͒ may be designed if the number of teeth on the driven gear is reduced compared to the number of teeth on the driving gear. For designs of this type, the driven gear will rotate faster than the driving gear according to the speed ratio that characterizes the gearset ͑i.e., the ratio of teeth͒. From a packaging point of view, this is a very useful result that may be used to create a smaller machine so long as an unacceptable increase in the flow ripple does not occur. Fortunately, as we have shown already, the amplitude of the flow ripple is fairly insensitive to the number of teeth on the driven gear ͑see Fig. 8͒ . Therefore, a reduction in the number of teeth on the driven gear, for the purposes of reducing the physical pump size, may be a feasible design alternative that ought to be examined carefully. Figure 8 shows that the flow-pulse amplitude is significantly reduced by increasing the number of teeth on the driving gear of the pump. It is also shown that increasing the number of teeth on the driven gear can reduce the pulse amplitude only slightly. This characteristic is shown by the flatness of the curves in Fig. 8 . The insensitivity of the flow pulse amplitude to the number of teeth on the driven gear is not an obvious result; however, it is one that can be used to one's advantage for making a smaller pump as discussed in the previous paragraph. The FFT results of this study confirm the findings presented in Fig. 8 as well.
The FFT results of Figs. 9-13 show that the harmonic frequencies of the pump occur at integer multiples of the tooth pass frequency of the driving gear. The number of teeth on the driving gear also predominantly controls the amplitude of the harmonic components. As the number of teeth on the driving gear increases, the amplitude of these harmonic components decreases signifi- Transactions of the ASME cantly. As the number of teeth on the driven gear increases, the amplitude of each harmonic component is only decreased slightly. This result is in basic agreement with the previous information presented in Fig. 8 .
Conclusion
The following conclusions are supported by the analysis and results of this research:
1. To solve the instantaneous flow ripple equation of the gear pump, a numerical solution is generally required.
2. A closed-form approximation for the flow ripple equation can be used without introducing significant error into the solution. Therefore, Eqs. ͑7͒ and ͑17͒ may be used for quick calculations that do not require a computer for the solutions.
3. Reducing the numbers of teeth on the driven gear may be used to reduce the center distance and physical pump size. This can be done without altering the average flow rate of the pump and without increasing the flow pulsation dramatically.
4. The center distance can be reduced slightly by increasing the number of teeth on the driving gear as well; however, this impact is not as significant as the one noted in item 3.
5. The pulse amplitude of the flow ripple is primarily determined by the number of teeth on the driving gear of the pump. By increasing the number of teeth on the driving gear, the flow pulse amplitude can be significantly reduced.
6. Increasing the number of teeth on the driven gear can also reduce the pulse amplitude of the flow ripple; however, this impact is not as significant as the one noted in item 5.
7. The harmonic frequencies of the flow ripple pulse occur at integer multiples of the tooth pass frequency on the driving gear; therefore, by increasing the number of teeth on the driving gear, the harmonic frequencies may be increased as well.
8. The number of teeth on the driving gear primarily controls the amplitude of the harmonic components of the flow ripple pulse. As the number of teeth on the driving gear increases, the harmonic amplitudes decrease. This conclusion is in basic agreement with item 5.
9. Changing the number of teeth on the driven gear has a negligible impact on the harmonic amplitudes of the flow ripple pulse. This conclusion is in basic agreement with item 6. In summary, the results of this study show that it may be advantageous to design an external gear pump with a large number of teeth on the driving gear and a fewer number of teeth on the driven gear. This design configuration will tend to reduce both the physical pump size ͑without reducing the volumetric displacement of the pump͒ and the amplitude of the flow pulsation, while increasing the natural harmonic frequencies of the machine.
